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. __________________________________________________________________|
Concentrations of chemical substances and mi-
croorganisms are often averaged for scientific
and regulatory purposes. Geometric means are
sometimes used for these purposes, but they
are biased low and do not represent compo-
nents of mass balances properly. They should
be abandoned in favor of arithmetic means, un-
less they are clearly shown to be preferable for
specific applications. Arithmetic means are un-
biased, easier to calculate and understand, sci-
entifically more meaningful (at least for concen-
tration data), and more protective of public
health. The bias and the root-mean-square error
of the arithmetic mean, the geometric mean, and
two bias-corrected geometric means are studied
via simulation for several statistical distributions
and sample sizes. The results demonstrate the
general superiority of the arithmetic mean for
concentration data, but a few exceptions are
identified.
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cuvinunena scienuses routinely gather data about
concentrations of chemical substances or microor-
ganisms in air, water, and soil. Such data are often
averaged for regulatory purposes and for estimat-
ing components of mass balances. Reported aver-
ages are sometimes expressed as geometric means
rather than as more natural arithmetic means (I-
7). The geometric mean is the antilog of the mean
logarithm of a set of numbers or, equivalently, the
nth root of the product of n numbers. (The latter def-
inition remains valid even if some of the numbers
are zero.) Why one should work with the antilog of
the mean log of a set of measurements is unclear—
there is no “law of conservation of logarithms of
mass.” When calculating the average value of a num-
ber of concentration measurements over space or
time to represent some component of a mass bal-
ance, it makes more sense to sum the masses and
then to divide by the sum of volumes (or by the to-
tal mass of matrix).

Geometric means may be useful for represent-
ing the average of a series of values that are always
multiplied. For example, the average efficiency for a
sequence of five processes involved in transform-
ing the energy stored in underground oil to electri-
cal energy in the home can be calculated as the one-
fifth root of the product of the five process efficiencies.
If that value were multiplied by itself five times, it
would yield the overall efficiency (cf. 8). The arith-
metic mean would not be useful for applications of
this specialized type, but such applications seem rare.
Geometric means may also be appropriate for av-
eraging ratios and for rate constants in exponential
processes (9).

The hiased nature of the geometric mean

The bias inherent in geometric means, known since
at least 1941, is the fundamental reason not to use
it as a representative of the true population mean (10).
Consider two streams with equal discharge Q that
meet to form a larger stream with discharge 2Q (Fig-
ure 1). Stream A carries a concentration C, = 1 mil-
ligram (mg) liter (L)™! of total sulfur, whereas Stream
B carries a concentration C, = 100 mg L™, After the
two tributaries meet and mix, the resulting Stream D
has a sulfur concentration C, = 50.5 mg L', which is
the arithmetic mean of the contributing concentra-
tions. It is also the mass balance obtained using the
flow-weighted average concentration (Q,C, + Q,C,)/
(Q, + Q,). The geometric mean here is the square root
of the product of the two stream concentrations, or
10 mg L, and does not represent a mass balance that
would be useful to environmental scientists. Here, the
difference between the two types of means is large be-
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 FiGURE 1]
Concentrations at a stream confluence

Streams A and B, each with discharge @, carry concentra-
tions of C; =1 mg L™ and C, =100 mg L™ of total sulfur,
respectively. When they converge, they form stream D
with discharge 2@. The resulting sulfur concentration is
the arithmetic mean of C; and C, (50.5 mg L™), not the
geometric mean (10 mg L™).

a

C,=100mg L™’

20

C3=505mg L™
(C3 * 10)

cause of the 100-to-1 range in concentrations; the 80%
error of the geometric mean is clearly undesirable.

Similarly, imagine taking 100 soil samples of equal
mass from a plot of land contaminated with poly-
chlorobiphenyls (PCBs). The best estimate of the av-
erage mass of PCBs per unit mass of soil in this land-
fill is the arithmetic mean concentration, which is
equivalent to the result obtained by compositing all
100 samples, mixing well, and measuring the concen-
tration of the mixture. Again, it is difficult to see the rel-
evance of the geometric mean of concentrations for us-
ing data like these in a mass balance analysis.

Suppose in the landfill example that the sample
PCB concentrations have a log-normal distribution
(the logarithms of the concentrations have a nor-
mal distribution). It is common statistical practice to
transform such sample concentrations to logs be-
fore estimating confidence limits or performing sta-
tistical tests, such as analysis of variance (anova) or
t tests. However, if a mean of logarithms were then
back-transformed to the original units by taking its
antilog, the result would be a geometric mean, and
it would be biased low relative to the result ob-
tained by compositing samples, mixing well, and
measuring the resulting concentration. This latter re-
sult, which is what is usually intended in mass bal-
ance calculations, is provided directly by the arith-
metic mean of the original data.

There are no obvious situations in which the geo-

The source of the geometric mean's hias

The curvature of the logarithmic function causes large values to contribute
relatively less to the geometric mean than to the arithmetic mean. This is the
source of bias in a geometric mean (the antilog of the mean log) relative to

the associated arithmetic mean. The solid dots at x=5 and 95 are the "data."
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metric mean is scientifically preferable to the arith-
metic mean for representing the central tendency of
concentration data for use in a mass balance or other
additive analyses. The geometric mean is always
smaller than the arithmetic mean unless all num-
bers in a dataset are identical, in which case the two
will be equal. This bias results from the curvature of
the logarithmic function (Figure 2), which down-
plays larger values relative to smaller ones. In the fig-
ure, the antilog (21.8) of the mean of the loga-
rithms of two numbers is smaller than the ordinary
mean (50.0). Because of their bias, geometric means
are of little use for mass balance analyses or for fate
and transport studies of either chemical sub-
stances or microorganisms in the environment. Fur-
thermore, geometric means should not be used for
regulatory purposes; because of their bias, they are
less protective of public health than are arithmetic
means. These observations raise the question: Why
have geometric means become popular?

Use of geometric means is questionable
Available literature does not provide justifications for
using geometric means. Although one report does
suggest that “the best estimate of central tendency
of log-normal data is the geometric mean” (11), no
definition of “best” and no reference providing fur-
ther justification accompany that statement.

Is the geometric mean a robust estimator of the true
population mean? Distributions of environmental
concentrations are often skewed to the right and may
be log-normally distributed. In such situations, when
low values are common, and high values are rare, oc-
casional samples drawn from those distributions will
contain one or more very large, but real, values. These
samples can have unusually large arithmetic means.
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When individual data come from a strongly skewed
distribution, means estimated from a series of small
samples (e.g., N = 10) will also have a skewed dis-
tribution, although less skewed than that of the orig-
inal data. This suggests a need to examine how well
sample means represent the true mean of the pop-
ulation from which the samples are drawn.

In the statistical theory that deals with estima-
tion of parameters, such as population means based
on sample data, several criteria are used to choose
among various candidate estimators (12). Two cri-
teria of importance in environmental applications are
minimum bias (a measure of accuracy) and mini-
mum mean-squared error (a combined measure of
accuracy and precision). The bias of an estimator (in
this case, an estimator of the population arithmetic
mean, which is appropriate for mass balances) is de-
fined as the difference between the average value of
the estimator and the population mean. It is easy to
prove that the arithmetic mean provides an unbi-
ased estimate of the true population mean regard-
less of the distribution of individual items in the pop-
ulation (13). It is also known that the geometric mean
is biased low (10). Thus, on the basis of the crite-
rion of minimizing bias, the arithmetic mean is al-
ways preferable to the geometric mean.

Bias is not the only factor to consider in deter-
mining the value of an estimator. For example, con-
sider a population with a true mean of 100. Sup-
pose some bizarre estimator or measurement system
yielded sample means of 0 half of the time and 200
half of the time. The estimator would be correct on
average and would be unbiased. However, an alter-
native estimator that always gave values between 90
and 100 would usually be preferable, even if its av-
erage value were 95, making it biased. This alterna-
tive estimator would be closer on average to the true
mean in an absolute sense. The mean-squared er-
ror (the average squared difference between poten-
tial estimates and the true mean) can be used to con-
sider this feature of estimators because it accounts
for bias and variability simultaneously. The geometric
mean might therefore be preferred as an estimator, at
least for some situations, if it provided estimates with
lower mean-squared error than the arithmetic mean;
but, as will be seen, it does not do so for most cases
considered in the described simulations.

In following sections, the square root of the mean-
squared error (the root-mean-squared error, RMSE)
is used in preference to the mean-squared error, be-
cause the former metric has the same units as the
original concentrations and thus has more common-
sense meaning than the mean-squared error. For an
unbiased estimator, the RMSE is identical to the stan-
dard error; for a biased estimator, it is larger be-
cause of the bias.

Are logarithmic transforms needed for statistical
analysis, and if so, should these lead to use of geo-
metric means? Many environmental variables prob-
ably have distributions that are closer to log-
normal than to normal, and although empirical
distributions can be skewed to the left, many more
are skewed to the right (14). Koch provided reasons
why this may be expected theoretically (15, 16). Re-

84 A ® FEB. 1, 1998 / ENVIRONMENTAL SCIENCE & TECHNOLOGY / NEWS

lated to log normality, it is common for the stan-
dard deviations of different subsets of data to be
roughly proportional to, or at least increase with, the
means of those subsets. When these phenomena oc-
cur, working with the logarithms of the original data
tends to make the standard deviations more uni-
form and independent of the means and makes the
data more normally distributed.

Within this framework, suppose that two or more
groups of data are to be compared statistically. When
data distributions are skewed to the right, research-
ers frequently log transform data to stabilize vari-
ances, to make them more normally distributed, and
generally to make the data fit the assumptions of ¢
tests, anova, and similar analyses (17). For exam-
ple, to test whether the mean concentration of some
contaminant in the 0- to 10-centimeter (cm) depth
of a landfill is higher than its concentration at depths
from 20 to 30 cm, some researchers would perform
the test on logarithms of the concentrations rather
than on the concentrations themselves.

After performing such a test in log space, it would
seem desirable to indicate the estimated mean 0- to
10-cm-depth concentration and the estimated mean
concentration at 20- to 30-cm depth in the original
concentration units of the contaminant, for exam-
ple, mg - kg™’ This is sometimes done by taking the
antilog of each of the mean logs. However, this prac-
tice should be avoided, because the results are geo-
metric means and are biased low. This process may
be the primary reason geometric means began to be
used to summarize environmental concentrations.

In addition to creation of bias, there is a further
problem with logarithmic transformation of data. En-
vironmental scientists would usually be interested in
comparisons of arithmetic means and not whether
the mean logarithm of one group is larger than that
of another group. Unfortunately, it is possible for the
arithmetic mean of one group, for example A = (10,
90), to be larger than that of another group, for ex-
ample B = (40, 50), but for the mean of the loga-
rithms of B (1.651) to be greater than the mean of
the logarithms of A (1.477) (18, 19). A test based on
log transforms may, therefore, be irrelevant or even
misleading to the scientific question at hand. As noted
by one reviewer, other kinds of statistics—permuta-
tion tests or likelihood-ratio tests—should replace ¢
tests or anova for such data for this reason (13, 20, 21).

Does the geometric mean represent commonly oc-
curring values? When samples are taken from pop-
ulations having log-normal or similarly skewed dis-
tributions, occasional samples will contain high
values, because occasional high values are natu-
rally part of such distributions. Those samples that
do contain the high values will often have means that
are larger than the true population mean, and such
means can also be larger than values that occur com-
monly. Note that with arithmetic means, these sam-
ples will be balanced on average by samples having
means that are lower than the population mean.

Reckhow and Chapra have stated that “the ‘pop-
ulation’ statistics that best represent the center of the
population of lake phosphorus concentration val-
ues are probably the weighted geometric mean and



the median” (2). One colleague has offered an opin-
ion that geometric means are “more representa-
tive” of commonly occurring values than are arith-
metic means and should be used for that reason. It
is true that for log-normally distributed variables, the
geometric mean is equal on average to the popula-
tion median—to the value that is exceeded half the
time. However, for data having other distributions,
this relationship does not hold, at least not exactly.
If mass balances are of interest, medians will under-
estimate population means for any distribution that
is skewed to the right, and arithmetic means are a
more appropriate metric. This point is closely con-
nected to the following one.

Does the geometric mean downplay large values?
Michels has stated that the naive bias-corrected geo-
metric mean (discussed below) “is preferred for es-
timating [the arithmetic mean of concentrations of
many contaminants] since it is less sensitive to un-
certainties in a few high values” (5). I have also heard
the opinion that concentrations of coliform bacte-
ria in swimming or drinking water should be aver-
aged as geometric means rather than arithmetic
means to downplay the large values that are some-
times measured. Those making such a suggestion
seem to believe that the large values result from mea-
surement error rather than from natural variability
in the population of concentrations being sam-
pled. Yet either explanation is possible, and if con-
centrations actually do vary according to a log-
normal distribution, then occasional large values will
occur naturally, and neglecting them will lead to an
underestimated true mean.

It is true that the processes used to estimate bac-
terial concentrations in water are subject to sam-
pling errors. However, there is no reason to sup-
pose that such errors are biased high. Current
standard methods for analyzing bacterial concen-
trations can be expected to give values that are cor-
rect on average—for every result that is too high, there
should be counterbalancing results that are too low.
This may take the form of several values that are a
little too low balancing one value that is much too
high. There is no clear justification for downplay-
ing high values—it is undesirable to use estimators
of means that are biased low when seeking to pro-
tect public health from dangerous organisms or
chemicals.

Should geometric means be used for characteriz-
ing populations of microorganisms that reproduce geo-
metrically? 1t is difficult to see the relevance of the
reproduction mode to the average number or con-
centration of organisms present. For example, if bac-
terial concentration in a water body increased in the
sequence 100, 200, 400, 800, 1600, 3200, 6400 over
a seven-day period, the mean concentration for that
week would be about 1814.3 (the arithmetic mean),
not 800 (the geometric mean). Moreover, geomet-
ric reproduction occurs only in unlimited environ-
ments. In most real situations, other patterns of net
increase occur. As early as 1955, Thomas demon-
strated the advantages of arithmetic over geomet-
ric means for concentrations of coliform bacteria
(22).

FiGuRE 3|
Probability density curves

Curves for the distributions used in the simulations include: (a) normal
distribution and left-skewed beta distribution, (b) mildly skewed and heavily
skewed log-normal distributions, and a distribution that is a 50:50 combination
of the normal distribution and the heavily skewed log-normal distribution.
The vertical dashed lines mark the population mean (u = 100) of all five
distributions.

(@)

—— Normal
....... Left skew
=
w
&
e .~ s B
= |
=
3
o
a
40 60 80 100 120 .
X
(b)
— Mild skew
........ e
- (Combination
z
2
3
£z
3 {
3
£ H
N
i | .i
0 100 200 300 "

Simulation study

When environmental concentration data are aver-
aged, a common goal is to estimate the true (pop-
ulation) arithmetic mean, which is appropriate for
use in mass balances. Although the sample arith-
metic mean is unbiased, it may not provide mini-
mum RMSE for non-normal distributions. There-
fore, I compared its performance with that of the
geometric mean and two bias-corrected geometric
means to see whether they might provide an im-
proved compromise between bias and RMSE. One
of the latter two estimators, a naive bias-corrected
geometric mean (NBCGM), invokes a naive bias cor-
rection (23) that can be far from exact when only a
sample mean and variance are available. The Finney
bias-corrected geometric mean (FBCGM) conjures a
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FIGURE 4
Estimator hias

Mean bias of four estimators (left) of the population arithmetic mean, based
on 25,000 samples of size N (right) drawn from five statistical distributions
(top): normal distribution (Nrm), left-skewed beta distribution (LS), mildly
skewed (LN1) and heavily skewed (LN2) log-normal distributions, and a
distribution that is a 50:50 combination (Combo). Estimators: G, geometric
mean; N, naive bias-corrected geometric mean; F, Finney bias-corrected
geometric mean (FBCGM); A, arithmetic mean. Zero bias is most desirable.
Square points emphasize that the sample arithmetic mean has a lower hias
than the geometric mean for every combination of distribution and sample
size. Although not easily seen, the FBCGM has slightly lower bias than the
arithmetic mean for six combinations.

Combo

-l i 1 1 1
-100 -100 -100 -40 -20 0 20 -10 0
Mean hias

correction proposed by Finney that is an unbiased
estimator of population means for log-normal dis-
tributions and, of all such estimators, has the min-
imum variance (10, 24). These corrections are de-
fined and described in Supporting Information.

To check the sampling properties of these four es-
timators, numerical simulations were performed. The
arithmetic mean, both bias-corrected geometric
means, and the uncorrected geometric mean were
calculated for each combination of five different dis-
tributions and five different sample sizes. The dis-
tributions used in the simulations included a nor-
mal distribution, a left-skewed distribution, a mildly
skewed log-normal distribution, a heavily skewed
log-normal distribution, and a distribution that com-
bined the normal and the heavily skewed log-
normal distributions in equal proportions (Figure 3a
and 3b). The five sample sizes considered were N =
5, 10, 20, 50, and 100. For these calculations, 25,000
samples of a given sample size, for example N = 5,
were drawn from each specified distribution. Fi-
nally, for each 25,000-sample simulation, the mean
bias and the RMSE were calculated for each of the
four estimators.

These simulations determined the amounts of bias
and RMSE associated with each of the four estima-
tors for each distribution and sample size. The mea-
sures of error could be computed directly using nu-
merical integration for uncorrected geometric means
of the two log-normal distributions (25) but not for
the other combinations. For this reason, the results
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discussed are those obtained from the numerical sim-
ulations, but possible comparisons with theoretical
results will be discussed.

Comparisons of estimator behavior

The mean biases, averaged over 25,000 samples for
each of the possible combinations, are shown in Fig-
ure 4. The scale factor for the horizontal axis is iden-
tical for all five distributions. The following features
stand out:

¢ The smoothness of (imaginary) curves connect-
ing the points for a given combination of estimator
and distribution demonstrates that 25,000 simula-
tions were adequate to produce stable estimates. For
the geometric means of the two log-normal distri-
butions, the simulation results were all within 1.5%
of the values obtained theoretically.

The arithmetic means have lower absolute val-
ues of bias than the geometric means for all 25 com-
binations of distribution and sample size. The FBCGM
had lower absolute bias than the arithmetic mean for
six of the combinations, but only by very small
amounts that are within the uncertainty of the sim-
ulations. In additional simulations based on a highly
skewed Weibull distribution (see Supporting Infor-
mation), the bias of the FBCGM ranged from 177 to
554. This estimator may thus behave poorly for
skewed data that are not log normal. Because arith-
metic means are unbiased for all distributions, and
empirical data are unlikely to come from pure log-
normal distributions, the arithmetic mean seems
preferable even to the FBCGM in most situations.

* For normal and left-skewed distributions, there
is little bias with any of the estimators at any sam-
ple size, but for the three right-skewed distribu-
tions, the negative bias of the uncorrected geomet-
ric mean is easily observed (Figure 4). For the heavily
skewed distribution, bias is substantial.

The NBCGM is known to overcorrect for the neg-
ative bias of the geometric mean, leading to posi-
tive bias (24, 26). This occurs especially at small sam-
ple sizes (Figure 4), probably because the sample
variance is a poorer estimate of the population vari-
ance in those cases than when sample size is larger.

Overall, the arithmetic mean is the clear choice over
uncorrected geometric means to minimize bias. Fur-
thermore, the bias-corrected geometric means are never
better than the arithmetic means by enough to com-
pensate for their greater computational complexity.

Landwehr has commented on problems associ-
ated with using geometric means for regulating water
quality, based on an analytic rather than simulation-
based analysis (27). For all statistical distributions he
investigated, larger sample sizes led to smaller aver-
age geometric means; this same effect can be seen for
all five distributions analyzed here (Figure 4).

A biased estimator might sometimes be preferred
to an unbiased one if the former were sufficiently closer
to the true value being estimated. The RMSE is a use-
ful measure of the average distance between an es-
timator and its target (Figure 5). Values of RMSE ob-
tained in the simulations reveal the following:

¢ For a given combination of distribution and
sample size within each “box” (Figure 5), the square



point is assigned to the arithmetic or uncorrected
geometric means, whichever has the lower average
error. The geometric mean has a lower error than the
arithmetic mean in five boxes at the lower right cor-
ner of the figure, where for the heavily skewed log-
normal distribution at N = 5, its RMSE is about 23%
lower than that of the arithmetic mean.

For the combination distribution at NV = 5, this in-
creases to a 28% difference. The geometric mean has
slightly lower RMSE than the arithmetic mean for this
distribution for samples of 10 and 20 as well, but it
is biased low by about 10 units in those cases. This
advantage of the geometric mean is swamped by its
poor performance at larger sample sizes. For exam-
ple, for the heavily skewed log-normal distribution,
and N = 100, the error of the geometric mean is about
threefold greater than that of the arithmetic mean.

¢ In general, the RMSE of all four estimators de-
clines with increasing sample size within each dis-
tribution. The decline is, however, very slight for the
geometric mean with the heavily skewed log-
normal distribution.

¢ The FBCGM has a marginally lower RMSE (2.3
units maximum) than the arithmetic mean for the
heavily skewed log-normal and combination distri-
butions when sample size is 20 or less, and it never
has substantially greater error for the distributions
plotted. However, its RMSE ranged from 517 to 19,361
for the simulation based on the Weijbull distribu-
tion (not shown). Because of the complexity of this
correction and its possible inaccuracy for distribu-
tions that are not log normal, the simpler arith-
metic mean again seems more advantageous for most
uses.

Some of these properties are illustrated with
means of 100 simulated samples (Figure 6) in which
each point represents one mean of either N =5 or
N =100. These samples were drawn from the heavily
skewed log-normal distribution, with its popula-
tion mean of 100 units. For very small samples (N =
5), the arithmetic sample means can depart far from
the true mean so that geometric means might be
preferable despite their greater bias. However, for the
larger samples (N = 100), the geometric means are
tightly clustered around a highly biased value, so their
average error (measured as RMSE) is much greater
than the average error of the arithmetic means.

Taking both criteria—minimum bias and mini-
mum RMSE—into account, one can nearly elimi-
nate the uncorrected geometric mean and the
NBCGM from general consideration, leaving the arith-
metic mean and the FBCGM from which to choose
as practical estimators of true population means.
However, note that the arithmetic mean has a bias
closer to zero than the FBCGM for most combina-
tions of sample size and distribution tested; the
FBCGM improves very little on the RMSE estimate
compared with the arithmetic mean in the cases
tested where it is smaller; the FBCGM can have sub-
stantial bias and error for at least some skewed dis-
tributions; and arithmetic means are much easier
to calculate and interpret than are bias-corrected
geometric means (see Supporting Information).
Thus, the arithmetic mean seems the best overall

Estimator root-mean-square error

Root-mean-square error (RMSE) of four estimators (notations as in Figure
4) of the population arithmetic mean, based on 25,000 samples of size N (right)
drawn from five statistical distributions (top): normal distribution (Nrm), left-
skewed beta distribution (LS), mildly skewed (LN1) and heavily skewed (LN2)
log-normal distributions, and a distribution that is a 50:50 combination (Combo).
Zero RMSE is most desirable. Square points indicate whether the arithmetic
mean or the uncorrected geometric mean has a lower mean error. The
dashed line emphasizes the performance of the uncorrected geometric mean
with the highly skewed log-normal distribution.
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choice for most sample sizes and distributions con-
sidered here.

Only if very small samples, for example, N =5, are
consistently taken from distributions known to be
heavily skewed and log normal does the uncor-
rected geometric mean appear to be the estimator
of choice (and then only if its reduced RMSE is con-
sidered to compensate for its high bias). This con-
trasts with its current common use with much larger
samples and with distributions that may not be so
heavily skewed or may not be log normal. Although
one might expect the geometric mean to perform best
for a heavily skewed log-normal distribution, the raw
geometric mean actually performs worst for that dis-
tribution, except for the minimum-RMSE criterion
at very small sample sizes.

In sum, for all but a few particular cases, arith-
metic means have many advantages over geomet-
ric means, even when bias corrections are applied.
Geometric means might reasonably be used only in
situations where means of consistently small sam-
ples are needed for data drawn from log-normal dis-
tributions. Somewhat paradoxically, however, large
samples are required to determine the shapes of dis-
tributions with any confidence (18). Haas recently rec-
ommended the use of arithmetic, not geometric,
means for risk analyses based on microbial densi-
ties for reasons similar to those expressed here (28).
In cases where they have, for whatever reason, be-
come established as the standard way to summa-
rize data, geometric means might continue to be
reported along with arithmetic means to allow com-
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Comparative advantages of two
estimators of means

The arithmetic and geometric sample means for samples of size N =5 (lower
pair) and N =100 (upper pair) drawn from the heavily skewed log-normal
distribution, LN2. Each dot plot represents 100 sample means. At N =5, the
higher average precision of the geometric means X might compensate for
their lower accuracy. At N = 100, the arithmetic means X are much less
biased but nearly as precise as the geometric mean. The vertical line
represents the target—the population mean, p = 100.

NS N =100

PEERREER>

|
50 100 150 200
Arithmetic and geometric sample means

parisons over time. However, they should not be used
in mass-balance work and should be phased out as
regulatory criteria as soon as it is practical. At a min-
imum, if geometric means are to be used for some
reason, they should always be bias-corrected by the
Finney method.

Supporting information

Ancillary material, including a detailed description of the
“naive” and Finney bias corrections for the geometric mean,
details of the distributions used in the simulations, a warn-
ing about the likelihood of finding so-called outliers that
are proper components of log-normal distributions, and in-
formation on confidence limits for log-normal data, will ap-
pear following these pages in the microfilm edition of this
journal volume. Supporting information is available to sub-
scribers electronically via the World Wide Web at http://
pubs.acs.org and via Gopher at pubs.acs.org. Photocopies
of the supporting information from this paper or micro-
fiche (105 x 148 mm, 24 x reduction, negatives) may be ob-
tained from the Microforms Office, American Chemical So-
ciety, 1155 16th St., NW, Washington, D.C. 20036. Full
bibliographic citation (journal, number, and issue num-
ber) and prepayment, check or money order for $25.50 for
photocopy ($27.50 foreign) or $12.00 for microfiche ($13.00
foreign), are required. Canadian residents should add 7%
GST.
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